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Dynamical self-affinity of damage spreading in surface growth models
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Department of Physics, Kyung-Hee University, Seoul 130-701, Korea

and Asia Pacific Center for Theoretical Physics, Seoul, Korea
~Received 8 May 2000!

The dynamical anisotropic scaling properties of the surface growth models are restudied by use of the
damage spreading concept. For that the vertical damage spreading distanced' of a damaged column as well as

the lateral damage spreading distanceduu is introduced. The scalingAnsätze for d̄'(duu ,t), D uu[^duu& and

D'[^d̄'& are suggested. The critical property of the probability distributionP(duu ,t) for the survived damages
is also suggested. The suggested scaling relations are tested by simulating various growth models with sub-
strate dimensiond51. From these results it can be concluded that the critical property or dynamical self-
affinity of a surface growth model can also be determined by investigating the damage spreading.

PACS number~s!: 05.40.2a, 05.70.Ln, 68.35.Fx, 81.10.Aj
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I. INTRODUCTION

The application of the damage spreading~DS! concept to
dynamical cooperative systems has been found to be a p
erful tool for the investigation of the dynamical properties
the given systems@1#. For DSs two identical systems, whic
are initially the same, except for a small subset of the syst
are simulated by the same random numbers and it is
served how damages are spreading during the dynam
evolution by a detailed comparison of the two systems. T
method has been successfully applied to the analyse
some dynamical systems such as biological systems@2#, cel-
lular automata@3#, kinetic Ising models@4–10#, and spin
glass systems@11#. Recently a study@12# has applied the DS
concept to the kinetic surface roughening phenomena. T
study has tried to relate initial damage spreading to the
namical correlation of surface roughening phenomena.

The dynamical interface roughenings in the vario
growth models@13–21# have extensively been studied, b
cause of the practical importance for material growths a
the theoretical interest in the dynamical self-affine scal
property. The dynamical self-affine properties have mai
been analyzed by the surface widthW(L,t), which is defined
by the root-mean-square fluctuation of the surface heigh
many cases@13–21# W(L,t) has been known to satisfy th
scalingAnsatz

W~L,t !5La f ~ t/Lz!, ~1!

where f (x).xb(b5a/z) for x!1 and f (x).const for x
@1. HereL is the linear size of the substrate. It was found
Ref. @12# that D0(t)}t1/z when t!Lz for the growth models
with a,1. HereD0(t) was a lateral DS distance~or a DS
distance parallel to the substrate!. This result physically
means thatD0 can be related to the dynamical correlati
lengthj, sincej.t1/z when t!Lz @13#. Although the study
based onD0(t) @12# partly explains the correlation dynam
ics, it cannot explain the dynamic self-affinity~or anisotropic
scaling property! @13# of the roughening phenomena com
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pletely. In this paper we want to apply DS concepts to
netic surface roughenings on a complete theoretical basis
the dynamical self-affinity. In order to do so a vertical dam
age spreading distance~or a DS distance perpendicular to th
substrate! as well as a lateral distance must be introduc
The dynamical scaling relation of DSs which corresponds
Eq. ~1! can be established by use of the two kinds of d
tances.

II. SCALING RELATIONS FOR DAMAGE SPREADING

Now we explain the theoretical basis of our analysis
the DSs in the kinetic surface roughening phenomena. C
sider two systems A and B of a growth. In system A grow
begins with the flat surface, i.e.,hA(r ,0)50 for anyr on the
substrate. In contrast growth in system B begins w
hB(r ,0)50 except at one pointr 0, wherehB(r 0,0)51. Here
$hA(r ,t)% @$hB(r ,t)%# means the surface height of system
@B# at t. The surfaces in A and B are allowed to grow und
the same growth rule and under the same sequence of
dom numbers. A damaged column~or a damaged site! at t is
defined byr at whichhA(r ,t)ÞhB(r ,t). If a column atr d is
damaged, then a lateral damage spreading distanceduu and a
vertical damage spreading distanced' of the column are
defined by

duu[ur d2r 0u, d'[uhB~r d ,t !2^hB&u, ~2!

where^hB& means the average surface height in system B
the periodic boundary condition is imposed, thenduu must
satisfy duu<L/2. To study conventional dynamical system
such as Ising model through DS concepts, the main quan
or order parameter to focus on is the fraction of damag
sites or the Hamming distance@5#. In contrast we inevitably
need the geometrical~real! distances to study kinetic surfac
roughening phenomena. Furthermore, to understand the
trinsic anisotropy or the self-affinity between the directi
parallel to the substrate and the direction vertical to the s
strate, lateral and vertical distances must simultaneously
considered.

To study the dynamical scaling property of surfaces
damage spreading the main relation to focus on is the r
3376 ©2000 The American Physical Society
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tion betweend' and duu or the function d̄'(duu ,t). Here
d̄'(duu ,t) means the average ofd' over the surviving dam-
ages which exist only at the lateral distanceduu ~or at r d

5r 06duu). The functiond̄'(duu ,t) should have all the de
tailed information on damage spreading in the surfa
growth. We now want to suggest a reasonable scalingAnsatz

for d̄'(duu ,t). In the early stage of growth it can be expect
that damages should appear only at the columns nearr 0 if
the spreading velocity is finite. So the touch timet i(duu) at
which a damage first appears on the column atduu can be
defined. Then fort,t i(duu) the damages have not spread
the column atduu , yet. For t.t i(duu) the damages have a
ready spread over the column atduu . If DS faithfully de-
scribes the dynamical correlation of the surface growth, t
the damage has spread over the columns atduu<j(t) @12#.
Herej(t) means the correlation length of the surface rou
ening withj(t).t1/z @13#. It is thus reasonable to sett i(duu)
as

t i~duu!5cduu
z , ~3!

where c is a proportional constant. The reasonable sca
Ansatzfor d̄'(duu ,t) is then

d̄'~duu ,t !H 50 if t2cduu
z,0,

5A~ t2cduu
z!b if 1 !t2cduu

z!Lz,

.La if t2cduu
z@Lz.

~4!

If t2cduu
z,0, there is no damage in the column atduu and the

first case in Eq.~4! is justified. If 1!t2cduu
z!Lz, at least a

damage has already appeared in the column atduu and the
vertical damage spreading should be in the initial stage
the damage spreading in this regime can describe the e
stage of the growth, i.e., the stage whenW(L,t) satisfies
W(L,t).tb @13#, then the second case of Eq.~4! is justified.
The fact that the time dependence is not liketb but like (t
2cduu

z)b reflects the delayed start of vertical DS in the c
umn atduuÞ0 by the amount oft i(5cduu

z) compared to that
at duu50. If t2cduu

z@Lz, then all growth is in the saturatio
regime of Eq.~1! @13#. The vertical DSs at all the columns i
this regime should be saturated and thus the third case in
~4! is also justified. The dynamical scaling form which sum
marizes all the cases in Eq.~4! should be

d̄'5La f'S t2cduu
z

Lz D . ~5!

One more quantity which we consider important for t
analysis of DS is the probability distribution of the survive
damages atduu , P(duu ,t). Of courseP(duu ,t)dduu is the prob-
ability to find a survived damage in the interval (duu ,duu
1dduu). If one knowsP(duu ,t), the average lateral DS dis
tanceD uu and average vertical DS distanceD' can be ob-
tained from

D uu5^duu&5E
0

L/2

duuP~duu ,t !dduu ~6!

and
e

n

-

g

If
rly

q.
-

D'5^d̄'&5E
0

L/2

d̄'~duu ,t !P~duu ,t !dduu . ~7!

Next we want to suggest a reasonable scalingAnsatzfor D uu
and P(duu ,t). If the lateral damage spreading faithfully ex
plains the lateral correlation dynamics of the surface grow
phenomena,D uu(L,t) should behave critically in the sam
way as the dynamical correlation lengthj @13# and the plau-
sible scaling relation forD uu(L,t) can be written as

D uu~L,t !5L f uu~L/t1/z!.H t1/z if 1 !t!Lz,

L if t@Lz.
~8!

A similar relation to the case for 1!t!Lz in Eq. ~8! was
also suggested in Ref.@12#. The relation fort@Lz in Eq. ~8!
is new and physically means that damages spread throug
the sample in the saturation regime~or t@Lz), so that DSs in
the saturation regime can show the self-affinity of the surf
growth as d̄'(duu ,t5`)5La and D'(L,t5`)5La. From
Eq. ~6! and Eq.~8! one can expect that the scaling relatio

P~duu ,t !5duu
21f p~duu /t

1/z! ~9!

holds, wheref p(0)5const orP(duu ,t@Lz).duu
21. From Eqs.

~4!, ~7!, and~9! we also get

D'~L,t !.H tb if 1 !t!Lz,

La if t@Lz.
~10!

To confirm the suggested scalingAnsätze~4!, ~8!, ~9!, and
~10! we study DSs in the various surface growth models
simulations. Surface growth models which satisfy the d
namical scaling law~1! can be categorized into two larg
classes. One class consists of normal roughening mode
which the exponenta satisfiesa,1. The famous models
which belong to this class are the Family model@14#, re-
stricted solid-on-solid~RSOS! model @19#, etc. The other
class consists of the superroughening models in whicha
satisfiesa.1. The famous models which belong to the se
ond class are the Das Sarma–Tamborenea~DT! model@17#,
large curvature~LC! model @20#, etc.

III. SIMULATION RESULTS FOR NORMAL
ROUGHENING MODELS

Our simulation is done in the substrate dimensiond51.
In this section we explain the simulation data for DSs in t
the class of the normal roughening models. Here we ma
report the data of DSs in the RSOS model. However,
have confirmed that the main results hold nearly in the sa
way for the other models such as Family model.

Figure 1 shows the data of the RSOS model ford̄'(duu ,t)
versust whenL51024 andt!Lz. First note the data in the
inset of Fig. 1, which is ford̄'(duu58,t). The behavior of
data in the inset is common for differentd̄'(duu ,t)’s. The
common behavior is as what follows. Fort,t i(duu) there is
no damage in the column atduu . Around t i , damages begin
to appear and furthermore the initial transient regime w
the spike-type data appears. After the initial transient reg
around t i , the data follow the second case of Eq.~4!,
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d̄'(duu ,t)5A(t2cduu
z)b, well. The initial transient regime

should be from the unmatured correlation between the j
born damages aroundduu and the already existing damage
The data for differentduu’s in the main part of Fig. 1 are
presented without showing the data of the initial transi
regime aroundt i(duu) for simplicity. The curves shown in
Fig. 1 are obtained in the following way. First, using the da

for d̄'(duu50,t) and the relationd̄'(duu50,t)5Atb, we have
obtainedA50.43 andb50.32, where the exact value ofb
of the RSOS model is 1/3. Next from the data fort i(duu) for
various duu’s and the relationt i(duu)5cduu

z , c50.50, andz
51.53 have been obtained. Using these independently
tained values for b, z, A, and c and the function
d̄'(duu ,t)5A(t2cduu

z)b the curves in Fig. 1 are drawn. Thes

curves fit the data for the variousd̄'’s well except for the
transient regime. In Fig. 2 the data ofd̄' for variousduu’s are
shown to collapse onto a single curve using the funct
d̄'(duu ,t)5Axb with x5t2cduu

z . Of course the data of the
initial transient regimes are not included in Fig. 2. Fro
Figs. 1 and 2 we can conclude that DS in the RSOS mo
satisfies the first and second cases of Eq.~4! quite well. Fig-
ure 3 shows the data ofd̄'(duu ,t5`) for variousduu’s. The
substrate sizes used areL5128,256,512,1024. The data fo
the variousduu’s with the sameL have the same value. Th
data in Fig. 3 have been fitted to the third case of Eq.~4!,
d̄'(duu ,t5`).La, and the obtaineda is a50.51, which is
very close to the exact valuea51/2 of the RSOS model. The
result in Fig. 3 shows that DS in the RSOS model satis
the third case of Eq.~4! well. Thus from the results in Figs
1, 2, and 3 DS in the RSOS model satisfies the dynam
self-affinity described by Eq.~4! quite well and the obtained

FIG. 1. Data for the time dependence ofd̄ at differentduu’s in

the RSOS model. The inset is the data ofd̄ at duu58 with initial
spike-type data. The data in the main part of the figure are sh
with omitting the initial spike-type data. The solid curves repres

d̄(duu ,t)5A(t2cduu
z)b with z51.53 andb50.32.
t-
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values of the exponentsa, b, and z agree well with the
exactly known values.

Next we want to discuss the simulation results of t
RSOS model forP(duu ,t) andD uu(L,t). The inset of Fig. 4
shows the data forP(duu ,t) at several differentt ’s. The data
have been taken by averaging over 3000 independent
using the substrate withL51024. As one can see in Fig. 4

n
t

FIG. 2. The collapse of the data in Fig. 1 onto a single cu

d̄'5Axb with x5t2cduu
z .

FIG. 3. ln-ln plot ofd̄ in the saturation regime~or t5`) against
L for the RSOS model. The substrate sizes used areL
5128,256,512,1024. Note that the data for differentduu’s have the

same value. The solid line representsd̄(duu ,t5`)5La with a
50.51.
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PRE 62 3379DYNAMICAL SELF-AFFINITY OF DAMAGE SPREADING . . .
the data forP(duu ,t) for various t ’s collapse well onto a
single curve using the functionP(duu ,t)5duu

21f p(duu /t
1/z).

The value ofz used for the collapse diagram in Fig. 4 is 3/
which is the exactly known value for the RSOS model. Fro
the results in Fig. 4 it can be seen thatP(duu ,t) of the RSOS
model satisfies the scaling law~9! well. We have also con-
firmed that P(duu ,t) for other normal roughening mode
such as the Family model satisfies Eq.~9! well. Figure 5
shows the data of the RSOS model forD uu(L,t). The data in
the inset of Fig. 5 have been obtained from the simulation
t!Lz on the substrate withL51024. From the lnDuu-ln t plot
for the data in the inset of Fig. 5 and Eq.~8! for t!Lz, 1/z
50.66 is obtained. This result is consistent with Eq.~8! for
t!Lz, because the exact value ofz in the RSOS model is 3/2
The data in the main part of Fig. 5 are those forD uu when t
@Lz. The substrate sizes used areL5128,256,512,1024. The
slope of the lnDuu2ln L plot in Fig. 5 is nearly the same as
and this result is also consistent withD uu.L for t@Lz. The
simulation results of the RSOS model forD uu both in the
inset of Fig. 5 and in the main part of Fig. 5 satisfy Eq.~8!
rather well. We have also confirmed thatD uu(L,t) for other
normal roughening models such as the Family model sa
fies Eq.~8! well. We have also confirmed that Eq.~10! holds
for normal roughening models by simulations. The valid
of Eq. ~10! can easily be seen from the data in Figs. 1 and

IV. SIMULATION RESULTS FOR SUPERROUGHENING
MODELS

We next explain the simulation data for DSs in the cla
of the superroughening models. Here we mainly report
data of DSs in DT model. It is found that the velocity
initial lateral DS in the DT model is very rapid compared

FIG. 4. The data in the RSOS model forP(duu ,t) at varioust ’s
are shown to collapse onto a single curve using the func
P(duu ,t)5duu

21f p(duu /t
1/z) with z53/2. Inset shows the data fo

P(duu ,t) at varioust ’s.
r

s-

.

s
e

that in normal roughening models. From the data fort i(duu)
for variousduu’s and the relationt i(duu)5cduu

z , the obtainedc
value in the DT model is anomalously small orc!0.0001.
This result means that the initial lateral DS occurs more r
idly than expected@or t i(duu)!duu

z]. We have also found
anomalously rapid DS in the LC model. Similar anomalo
behavior in the LC model was found in a somewhat differe
sense in Ref.@12#. We thus believe that the anomalous
rapid lateral spreading of the initial damages is common
the class of superroughening models. Even though th
should exist anomalously rapid DS initially, DS in the D
model has been confirmed to satisfy the dynamical s
affinity or Eq. ~4!. Figure 6 shows that the data ofd̄' for
various duu’s in the DT model collapse rather well into
single curve using the functiond̄'(duu ,t)5Axb with x5t
2cduu

z . The used data in Fig. 6 are of course those in
regime 1!t2cduu

z!Lz. The obtainedb value from Fig. 6 is
0.37, which is very close to the exactly known valueb
53/8 of the DT model. The inset of Fig. 6 shows the data
d̄'(duu ,t5`) for various duu’s in the DT model. The sub-
strate sizes used areL532,64,128,256. The data in the ins
for the variousduu’s with the sameL have the same value a
in the RSOS model. The data in the inset have also b
fitted to d̄'(duu ,t5`).La and the obtaineda value is 1.53,
which is very close to the exact valuea53/2 of DT model.
From Fig. 6 it can also be concluded that DS in the D
model satisfies the dynamical self-affinities described by
~4! well and the obtained values ofa and b from Eq. ~4!
agree well with the known values of the correspondi
model. We have also confirmed that DS in other superrou
ening models such as the LC model satisfies Eq.~4! well.

n

FIG. 5. ln-ln plot ofD uu(L,t) againstL in the saturation regime
~or whent5`) for the RSOS model. The substrate sizes used
L5128,256,512,1024. The solid line representsD uu(L,t5`).L.
The inset shows the ln-ln plot ofD uu(L,t) versust for t!Lz and
L51024. The solid line in the inset representsD uu(L,t).t1/z with
1/z50.66.
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3380 PRE 62YUP KIM AND C. K. LEE
Next we want to discuss the simulation results of sup
rougening models forP(duu ,t) and D uu(L,t). In the super-
roughening model, especially in the DT and LC models
has been found that the data forP(duu ,t) when t!Lz do not
satisfy Eq.~9! well. This result can be expected from th
anomalously rapid damage spreading in the initial stage
growth, which we have mentioned previously. Inste
P(duu ,t) has been found to satisfy P(duu ,t)
5duu

2k f p(duu /t
1/z) with 0,k,1 when t!Lz. This anoma-

lous behavior in the DT and LC models may come from
fact that the damaged sites do not form one connected c
ter, but form several different clusters@12#. In contrast it has
been confirmed thatP(duu ,t).duu

21 when t@Lz, which is

FIG. 6. The collapse of the data ford̄'(duu ,t) in the DT model

onto a single curved̄'5Axb with x5t2cduu
z when x!Lz. The b

and z values used are 0.37 and 4.1, respectively. The inset sh

the ln-ln plot of d̄ in the saturation regime~or t5`) versusL for
the DT model. The substrate sizes used areL532,64,128,256. The

solid line in the inset representsd̄(duu ,t5`)5La with a51.53.
nn

tt
r-

t
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consistent with Eq.~9! when t@Lz. From the simulation re-
sults of superroughening models forP(duu ,t) we can expect
thatD uu whent!Lz does not satisfy Eq.~8! whent!Lz, but
D uu for t@Lz satisfiesD uu(L,t→`).L well. We have con-
firmed D uu(L,t→`).L for superroughening models b
simulations.

V. SUMMARY AND DISCUSSION

We have shown that DS in surface growth models sa
fies the dynamical self-affinity@Eq. ~4!# quite well as can be
seen from Figs. 1, 2, 3, and 6. From this result it has a
been concluded that one can obtain the exponentsa, b, and
z by using the simple scaling relationd̄'(di50,t)
5La f'(t/Lz), i.e., the relation for the vertical DS distance
the column at which the initial damage is assigned.

For normal roughening models such as the RSOS mo
and Family modelP(duu ,t) and D uu(L,t) satisfy the scaling
Ansätze ~9! and ~8! quite well. This result physically mean
that we can understand the critical behavior of the correla
length j(L,t) of normal roughening models directly b
studying P(duu ,t) and D uu(L,t). In contrast damages in su
perroughening models initially spread with anomalou
rapid velocity andP(duu ,t) andD uu(L,t) do not follow Eqs.
~9! and ~8! initially ~or for t!Lz). This result may come
from the fact that in the LC and DT models the grow
mechanisms depend on the height configurations of the
nearest neighbors of the randomly chosen column as we
the nearest neighbors of it. However, in both normal rou
ening models and superroughening models we have c
firmed that the relationsP(duu ,t).duu

21 andD uu(L,t).L hold
in the saturation regime~or for t@Lz). This result physically
means that damages are not frozen in some local area
spread throughout the sample in the saturation regime. T
sample-size spreading guarantees that the self-affine pro
ties of the surface roughenings can also be studied by
concepts.
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